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Abstract. Inthis paperwe have studied the properties of a two-fermion system interacting with the
phonon field in the framework of the Holstein Hubbard model in one, two and three dimensions. We
have chosen the modified Lang—Firsov variational wave function with on-site and nearest-neighbour
lattice distortion for the phonon subsystem to obtain an effective electronic Hamiltonian. This
effective electronic Hamiltonian is then solved exactly to obtain the binding energy and effective
mass of the bipolaron. We investigated the stability of the bipolaronic phase by comparing the
ground-state energy of a bipolaron and two free polarons. We observed a critical repulsive on-site
Hubbard interactiot/. below which the bipolaronic phases are stable for a fixed electron—phonon
couplingg. Inthe absence of on-site repulsion, bipolaronic phases are stable over the entire range of
electron—phonon coupling for one dimension, whereas there is a critical electron—phonon coupling
g. for formation of a stable bipolaron in two and three dimensions.

1. Introduction

The discovery of high-temperature superconductivity has provided a strong impetus for a
renewed effort to study strongly correlated electron systems in the presence of phonons. The
many-electron system on alattice strongly coupled with phonons turns outto be a charged Bose
liquid consisting of on-site or inter-site small bipolarons if the Coulomb repulsion is not very
strong. This pairing of electrons or holes in real space plays an important role in determining
the properties of many-particle systems such as transition metal oxides [1], superconducting
materials [2, 3], conjugated polymers [4] and alternating-valence compounds [5]. The model
which has most often served as a paradigm for electronic correlation in the presence of electron—
phonon interaction is the Holstein Hubbard model (HHM) [6, 7]. There is quite general
agreement that an accurate solution to the HHM over the whole region of parameter space
will be able to provide an understanding of many physical properties of the above-mentioned
materials. However, in spite of the simplicity of the model, a great effort is needed in order to
achieve accurate solutions. Recently this electron—phonon problem has been studied through
the exact diagonalization of small linear clusters with one [8,9] or two [9] particles and a limited
number of phonons and also by quantum Monte Carlo methods [10-12]. Another strategy for
studying the electron—phonon problem is by using variational methods [13-17]. La Magna
and Pucci [16] have performed a variational study of the one-dimensional bipolaron problem.
In their work they provide us with a detailed study of the formation of a bound state in the
presence of the on-site Hubbard interactibin one dimension. To the best of our knowledge,
most of the work concerning the bound-state formation in the HHM has been performed for
one dimension. However, there remain a large number of strongly correlated systems which
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are realized in two or three dimensions. To include those systems in our sphere of investigation,
studies on the HHM in higher dimensions are important. In the present work we study the
formation of bipolarons in one, two and three dimensions for the discrete Holstein Hubbard
model in the non-adiabatic limit. Our model Hamiltonian only takes care of on-site electron—
phonon interaction, but due to the retardation effect the lattice deformation can extend beyond
the site at which the electron resides. To take this effect into account, we have treated the
on-site and the nearest-neighbour-site lattice distortion variationally. This variational scheme
is based on Lang-Firsov transformation and is suitablédor > 1 [8].

The paper is organized as follows. In section 2 we obtain an effective interacting Hamil-
tonian from the Holstein Hubbard model. In section 3 we will give an exact solution of this
Hamiltonian in the far non-adiabatic limit where the retardation effect is negligible. The effect
of retardation and the result of our variational calculation on the formation of bipolarons in one,
two and three dimensions are discussed in sections 4 and 5. Finally we present our conclusions
in section 6.

2. The effective-electron model

We consider a system of electrons in the framework of the Hubbard model, which is also
coupled to a collection of Einstein oscillators. The model Hamiltonian of such an interacting
system is

H=—¢ Z C;rUCj(, + UZ}’IMI’!M +E(,()Zblfb, +an,(b:r+b,) (1)
(ij).0 i i i

wheren;, = c;‘a Cig,Ni = nip+n;, andthe symboEW) denotes the sum of nearest-neighbour
sites. The operatorl, (cis) creates (annihilates) an electron with the spin projecticon
the site labelled, while b;‘ (b;) creates (annihilates) a quantum of oscillation enérgyin
the model localized on the site The model depends on the nearest-neighbour hopping
electron—phonon interactignand an on-site repulsidii between electrons of different spins.

In the presence of strong electron—phonon coupling, the lattice would be deformed around
an electron. To take into account the lattice deformation around the electron, we apply the
modified Lang—Firsov transformation [14] to the Hamiltonidn

H = exp(R)H exp(—R). 2)
That is,
H=—¢ Z quYi — Yj)C;»raCj(, —€p Zni + Ueff annw
(ij).o i i
+V1 Zninj +V2 Z RivsMivs + sz blbi + Vot pi ®3)
(i) i,6+8'#£0 i
where

R = Z(A’lni(b: — b))+, Z(b;rﬂg - bi+6)ni) 4)
; 3

Yi = 25 (b] = bi) + 35 Y (bl — biss) ®)
)

€p = (28 — A)AL — 2h2hy ©6)

Usgy = U — 20(2g — )2 — 24} "

V1= -2[(g — 225 (8)
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Vo = Aohy 9)
Viol—ph = 3_(8 = 2)(b] +b)ni — Az Y (b +bixs)n;. (10)
i 8

Heree, is the polaron self-energy/; is the coupling strength of the attractive interaction
between nearest-neighbour polarons induced by electron—phonon codpliaghe strength
of the repulsive coupling between next-nearest-neighbour polaiigpds the effective on-site
interaction and’,,;_, is the polaron—phonon interaction.

A (=r1/(hw)) andr;, (=A,/ (hw)) are the lattice displacements created around an electron
at the same site and the nearest-neighbour sites respectively, which move along with the
electron. Whern; = g andi, = 0, the transformation is exactly the Lang—Firsov trans-
formation [13]. To obtain an effective polaronic Hamiltonian, we take the averageafer
the zero-phonon stat¢f) [19]:

H.;;r = (0|H|0). (1D
That s,
Heff = —t ZC’LCja eX[X—)_xZ) —€p Zni + Ueff an}’lw

(ij) i i
+WV Zninj + Vs Z Ri+sNi+s (12)
(i) 1,6+8'#0

where

22 = (A — )%+ (z — DAZ, 13)

3. Bipolarons in the far non-adiabatic limit (hw/t > 1)

In the far non-adiabatic limit4w > r) one can neglect the retardation effects. In that case the
nearest-neighbour lattice distortion due to on-site electron—phonon interaction vanishes. In
this limit, A, = 0 andi; = g, and the effective Hamiltonian directly maps onto the Hubbard
model:

H,pp = —t Z ! cioexp(—g?) —e, Zn,- + Uesy an”w (14)
(ij),0 i i
To study the possibility of the formation of bipolarons, we consider two electrons with
spinst and| in the lattice. In this case the above effective Hamiltonian can be solved exactly
for any dimension. We will write the Hamiltonian in the wave-function representation:
1 .
lg, m) = «/_ﬁ Z exp(—|ql/2)c;rl+m)/2’Tc57m)/2’¢|Vacuum (15)

to express the effective Hamiltonian in the form
Hopp = —2texp(—g"®) Y cosq/2)lq, m)(m+8.q|+ Uy ¥ 1q.00(0,q| —2¢,  (16)
q

q,m,8
whereN is the total number of sites. For a given wave vegtdts form (16) corresponds to a
system with a single impurity. Whelii,;; < 0, then, depending on the dimensionality, there
may exist a bound state with eigenvalues below the band of two polarons. A general solution
can be obtained by means of the Green’s function [18]. The eigenvalues of the bound state are
determined from

1=U.rrGo(Esp, q). (17)
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The diagonal element of the Green's functi@n(E,, g)) is given by

1 1
Go(Ep.q) == ) (18)

N S~ Ep(q) — €kg/2 — €—krq2 + 2¢)

wheree, = 27 cogk) andi =  exp(—g’?).
Now we will discuss the formation of a stable bipolaron in one, two and three dimensions.

3.1. Case I: one dimension

In one dimension,

1
G (EM ) = (29)

JEP @) +2¢,)? — 1672 00%(4/2)

and the corresponding energy eigenvalues obtained from equation (17) are given by the
condition

16r2co(q/2)
EP(q) = ueff\/ 1+ T‘” ~ 2. (20)
eff

The spectrum represents a bipolaroff; (¢) is less than the lowest energﬂ%‘f =

m

—2¢, — 4t) of two free polarons. So the condition for the formation of 1D bipolarons is

1D 1D 16:2 z
E3) — Ejppiy > 0 or —Uepp |1+ —— > 4. (21)
Uerr

Therefore, for any negative valuesigf;;, i.e. whenU / (hw) < 2g'? one gets a stable bipolaron
in 1D. We can also determine the effective mass of the bipolaron from the definition [15]

_ - 2
w _ (dinD(q)) R 22)

m, . = = =
eff dq2 40 472

3.2. Case II: two dimensions

In two dimensions we assume the density of states to take a simplified form:

2 - 2
B — Z (6472 — 2)P-2/2 _ £ 23
pp=2(€) 8zq( . —€) &, (23)
so as to calculate the two-dimensional Green's funct@§P( E2°, ¢)):
1 |E2D + 2¢,| + 81,
G3P(E?P, q) = —— o ( b L i’) 24
o (Ei"- @) = —9 190\ | p2p 4 5 | — g, 4)

inthe [1, 1] direction. Here, = 7 cog¢/2). The corresponding energy dispersion in thel[1
direction is given by

- 8 cogq/2
EZP = 8f cogq/2) coth(i/)) — 2¢,. (25)
eff
Here E2P represents a stable bipolaron provided thgf;, is less than the lowest energy
(E%I? = —2¢, — 81) of two free polarons in two dimensions, i.e.
8r
E3D —EZD. >0 or cotr‘( ) < -1 (26)
eff
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Therefore, for anyU,;; < 0 (i.e. U/(hw) < g'), bipolaronic phases represent the ground
state of the system. From the definition

2p _ % dZEIED -

Mer =35 dg?
we obtain the effective mass of the 2D bipolaron:
> 2

- 8f 32t 8
m?f, =4 / |:4t coth( ! ) - cosecﬁ( ! )} (28)
: [Uesrl |Uecrrl [Uecrrl

3.3. Case llI: three dimensions

(27)

q=0

For three dimensions, the eigenvalues have been determined from equation (17) with the
Green’s function calculated from a simplified density of states:

PD=3 (1442 — e3)V2, (29)

T 14472
Using the above-mentioned DOS, the Green's functiGg’(E3", ¢)) and the energy
dispersion £3P) in the [1, 1, 1] direction are obtained as

2 -
GP(ERP, q) = PV [(EgD +2¢,) — \/ (E3P +2¢,)2 — 144¢q2} (30)
q
36r2
EX = eff[T cos(q/2) + 1] — 2¢,. (31)
LUy

Now ESD(q, q,q) represents a stable bipolaron whEEﬁ,’v is less than the lowest energy

m

(ng = —2¢, — 121) of two free polarons in three dimensions, i.e.
E:ZSPD — El?rln)in >0 or Ueff < —6f. (32)
So, for three dimensions there has always been a critical electron—phonon interaction strength
gc required in order to bind two polarons. Fgr= 0 we require a critical valug,, given by
the condition

/ ! b
gcz = 3% exq_gcz) (33)
w

to form a stable bipolaron. In figure 1 we show the variation of the critical electron—phonon
coupling g./(hw) with respect ta/(hw) for U = 0, 0.5, 1.0, 2.0 and 40. Our calculation
shows a finiteg./(hw) even at/ = 0 for any finitet /(hw). Like for 1D and 2D, we can also
calculate the effective mass of the bipolaron in three dimensions. The result is

ap _ |Uessl

4. The intermediate range ofhw/t

In this regime of phonon frequency we have to take into account the effect of retardation. We
will include the effect of retardation by considering the nearest-neighbour distortion due to the
on-site electron—phonon interaction. For the intermediate rantye of(hw/t > 1) the value

of A,, which is non-zero due to the retardation effect, appears to be small. For simplicity, we
neglect the second-nearest-neighbour repulsive term which is of the ovderbreover, for

on-site and nearest-neighbour bipolarons the effect of the second-nearest-neighbour repulsive
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Figure 1. The variation of the critical electron—phonon coupliglg = g./(hw) with respect
tor = t/(hw) for U = 0,0.5,1.0,2.0 and 40 (U is expressed in units dfw) for the three-
dimensional bipolaron in the far non-adiabatic limit.

term is not very significant. So we believe that the inclusion of a second-nearest-neighbour
repulsive term will not modify the result significantly. In this approximation, our effective
Hamiltonian reduces to

H,rp = —1 Z c;rgcj(T —€p Zni +Uess annu +V Zn;nj (35)
(ij).o i i (ij)
wheref = r exp(—A2). To study the possibility of the formation of bipolarons, we consider two

electrons with spirt and| in the lattice. We will write the Hamiltonian in the wave-function
representation (15) and express the effective Hamiltonian in the form

Hyp = ZHq = Z(Hg + HY) (36)
q q
where
H{ = —2texp(—1?) Z cosq/2)|q, m)(m +8, q| — 2, (37)
q,m,8
H{ = Uesrlg, 000, gl + V1) 1g,0)(8. gl. (38)
§

For a given wave vectay, its form (36) corresponds to a system with impurities at site 0
and its nearest neighbour. Whepy or V; is negative, then, depending on the dimensionality,
there may be a bound state with eigenvalues below the lowest energy of two polarons. Ageneral
solution for the bound states of the bipolaron can be obtained from the poles of the Green'’s
function [18]. After some algebra, the eigen-energies for the bound state are given by the
condition

det(1 — (a?|Ggla?) (a?| Hy [a?)) = O (39)
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whereGo(E, ¢) is the Green’s function foH{ and|«) represents & +1)-component vector:

[I4.0).....1q.5)] (40)

with § as the nearest-neighbour position vector. The corresponding solution of the condition
(39)is
1 —(V/A&BDEN@)Go(Ey(9). 9) — 11+ Go(Eb(q), q) )
Uey 1— (V1iE, (@) /4D E(9)Go(Ep(q), q) — 1]
whereE; (q) = E»(q) — 2¢, andi, = 7colq/2) .

The solution of equation (41) will give rise to energy dispersion. These energy eigenvalues
are functions of the variational parametegsandi,. We minimize our lowest two-particle
energy with respect to; andai, to obtaini,, A and the ground-state energy. With these values
of 11 anda,, one can readily calculate the effective mass of the bipolaron from the definition

i (PE@\T
eff — 2 dq2 4=0

z <2zfz +1X(Gh+ E, dGY/dE,) — zszUefng>l
Vi+ Uyt ViGh — 2V1E,; G4 — (dG/dE) X

(42)

2
where
X = 4zi%U,pp — U VAE, + VLEZ.

Now the energy eigenvalues calculated from condition (41) will represent the spectrum for the
bipolaron provided that it has energy less than twice the ground-state energy of a free polaron
(E,). The ground-state energy of a free polaron can be obtained from the minimization of the
energy eigenvalue

E[,()\l, )\2) = —Zf— 6,, (43)

with respect tov; anda,.

5. Results and discussion

In this section we will calculate the ground-state energy, the binding energy and the effective
mass of one-, two- and three-dimensional bipolarons. For one dimension we use the one-
dimensional Green’s functionG? (ELP, ¢)) given by equation (19), for two dimensions

we use the two-dimensional Green’s functiargl (E2”, ¢)) given by equation (24) and for
three dimensions we use the three-dimensional Green’s funoﬁéﬁ(E,fD,q)) given by
equation (30), with the conditions (41) and (42) for obtaining the corresponding bipolaron
ground-state energy and effective mass respectively. The stability of the bipolaronic phase
is ensured by requiring that the bipolaron binding energy,(2- E;) should be positive in

the bipolaronic phase. Our calculation is based on the modified Lang—Firsov transformation
which is suitable fohw/r > 1 [8]. Therefore, in this work we will confine our investigations

to the region wheréw/t > 1.

In figures 2, 3 and 4 we plot the variations of the ground-state energy of one-, two- and
three-dimensional bipolarons with respect to the on-site Hubbard interdétfon different
electron—phonon couplingg/ (hw) whent /(hw) = 1. In all three cases, we find an almost
linear dependence of the ground-state energy on the on-site Hubbard repulsive intéraction
A decrease of the ground-state energy with increadé obnfirms the fact that the repulsive
Hubbard interaction disfavours the formation of bound states between two polarons. Our
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Figure 2. The ground-state energy of the one-dimensional bipoladtéf versus the on-site
Hubbard interactiow/ for 7/ (hw) = 1.0 andg’ = g/(hw) = 2.0, 1.75 and 15. (The energies and
U are expressed in units bi.)

-8
-10 | 8
[a} _ L ,’// |
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Figure 3. The ground-state energy of the two-dimensional bipolaf3f versus the on-site
Hubbard interactiow/ for ¢/ (hw) = 1.0 andg’ = g/(hw) = 2.0, 1.75 and 15. (The energies and
U are expressed in units bi.)

calculation of the ground-state energy for different valueg f@hw) shows that the ground-
state energy always decreases with increase of the electron—phonon coupling.

In figure 5 we compare the binding energy of one-, two- and three-dimensional bipolarons
for g/(hw) = 2 andt/(hw) = 1. Here we observe that the binding energy decreases with
increase of the on-site Hubbard interactidnand, beyond a critical value &f, sayU,, the
binding energy vanishes. The vanishing of the binding energy implies a transition from a
bipolaronic ground state to the polaronic ground state. The transition from the bipolaronic
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Figure 4. The ground-state energy of the three-dimensional bipold® versus the on-site
Hubbard interactio for ¢t /(hw) = 1.0 andg’ = g/(hw) = 2.0 and 25. (The energies antf
are expressed in units bfv.)

Binding energy
S
T
L

Figure 5. The binding energy of one-, two- and three-dimensional bipolarons versus the on-site
Hubbard interactiorU for ¢’ = g/(hw) = 2.0 andt/(hw) = 1.0. (The energies andi are
expressed in units dfw.)

phase to the polaronic phase occurs at higher valuésaxf we reduce the dimensionality.

To study the dependence of the binding energy on the electron—phonon caufifiag
and the hopping parametet(hw), we plot the binding energy versisfor g/(hw) = 1.75
and 15 atz/(hw) = 0.5 in figures 6 and 7.
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Figure 6. The binding energy of one-, two- and three-dimensional bipolarons versus the on-site
Hubbard interactiorV for g’ = g/(hw) = 1.75 andt/(hw) = 0.5. (The energies ant are
expressed in units dfw.)
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Figure 7. The binding energy of one-, two- and three-dimensional bipolarons versus the on-site
Hubbard interactiorU for ¢’ = g/(hw) = 1.5 andt/(hw) = 0.5. (The energies and are
expressed in units dfw.)

Since the discovery of high-temperature superconductivity, the mobility of the bipolaron
in different dimensions has become an importantissue. In order to investigate this problem we
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determine the ratie:*/m between the effective mass* of the bipolaron and the free-band
massn. Infigure 8 we compare the ratio* /m for one-, two- and three-dimensional bipolarons

for g/(hw) = 2 andt/(hw) = 1. Our calculation shows a decrease of the effective mass with
theincrease of dimensionality and the increase of the Hubbard on-site intef@ctidmis result

also indicates that the bipolaronic binding is stronger in lower dimensions. To investigate how
the electron—phonon coupling/ (zw) and the hopping/(hw) affect the effective mass, we
studied the variation of the effective mass with resped/ttor g/(hw) = 1.75 and 15 at
t/(hw) = 0.5; the results are presented in figures 9 and 10.

6000

5000

4000

3000

Effective mass

2000

1000

Figure 8. The effective mass of one-, two- and three-dimensional bipolarons versus the on-site
Hubbard interactio/ (expressed in units dfw) for ¢’ = g/(hw) = 2.0 andr/(hw) = 1.0.

From our earlier discussions, we have found that for any fix@lw) there exists a critical
on-site interactiorU. /(hw) beyond which the polaronic phase becomes stable. Now we will
investigate whether there exists a critical electron—phonon cougli@w) for binding two
polarons evenwheti = 0. Infigure 11 we plot the variation gf / (hw) with respectta/ (hw)
for one-, two- and three-dimensional bipolarons. For one dimension we ghtdiiw) = 0
for any value oft/(hw). This implies that one would get stable bipolarons for any finite
electron—phonon coupling whén = 0. But the scenario is different in higher dimensions. In
two or three dimensions the electron—phonon interaction has to be greater than a critical value
to form a stable bipolaron even &t = 0. This critical value is higher in higher dimensions
for the same value af/ (hw). The critical electron—phonon coupligg/(hw) is an increasing
function ofz/(hw) when the dimension of the electron—phonon system is greater than one.

6. Summary and conclusions

In summary, we have studied a system of two electrons or holes coupled to optical phonons
in the non-adiabatic limit and in the presence of an on-site Coulomb repulsioive have

chosen the modified Lang—Firsov variational wave function with on-site and nearest-neighbour
distortion to integrate out the phonon degrees of freedom and obtain an effective interacting
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Figure 9. The binding energy of one-, two- and three-dimensional bipolarons versus the on-site
Hubbard interactio/ (expressed in units dfw) for ¢’ = g/(hw) = 1.75 andt/ (hw) = 0.5.
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Figure 10. The binding energy of one-, two- and three-dimensional bipolarons versus the on-site
Hubbard interactio/ (expressed in units dfw) for ¢’ = g/(hw) = 1.5 andt/(hw) = 0.5.

electronic Hamiltonian. This effective electronic Hamiltonian is then solved exactly to obtain
the ground-state energy, the binding energy and the effective mass of the one-, two- and three-
dimensional bipolarons. While investigating the stability of bipolarons, we observe a critical
on-site Hubbard interactioti. below which the bipolarons are stable. The critical vallués



Formation of bipolarons in the Holstein Hubbard model 8891

2

15 + /’/' A
//‘
//I/ ///
3D .7 -
// //
// //
5 e //
o 1f x - 1
- 2D~
// -
s 7
/’ -
~
/ -
e
0.5 F 4 - |
/ //
S -
// 7
/
!
!/
/ 1D
0 L L L
0 0.25 0.5 0.75 1

Figure 11. Variation of the critical electron—phonon coupligg = g./(hw) with respect to
t' = t/(hw) for one-, two- and three-dimensional bipolarons in the absence of an on-site Hubbard
interactionU.

higherinlower dimensions and itincreases with increase of the electron—phonon interaction. In
the absence of on-site repulsion, the bipolaronic phase is stable for the entire range of electron—
phonon interaction for one dimension, but in two or three dimensions the electron—phonon
interaction has to be greater than a critical vajughw) for a bound pair of two polarons to

form. Since the binding and the mobility of the pair of polarons are the initial requirements for
exploring the possibility that these composite bosons could manifest condensation, we believe
that the present work will throw some light on the theory of bipolaronic superconductivity.
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